To each rank 2 parabolic subgroup of a Kleinian group T, we associate a cusp form and a linear functional on the Eichler cohomology space PH (r, n2._2) • We explore the relation between these two objects and as a consequence we evaluate certain Poincaré series for rank 2 parabolic groups. This paper is a continuation of the study of automorphic forms associated to elements of Kleinian groups. We treated the case of cusp forms associated to loxodromic elements in [K3] and the holomorphic forms associated to parabolic elements in [Kl]. We combine ideas from [K3] and [Kl] to investigate the cusp forms associated to rank 2 parabolic subgroups of Kleinian groups.
This paper is a continuation of the study of automorphic forms associated to elements of Kleinian groups. We treated the case of cusp forms associated to loxodromic elements in [K3] and the holomorphic forms associated to parabolic elements in [Kl] . We combine ideas from [K3] and [Kl] to investigate the cusp forms associated to rank 2 parabolic subgroups of Kleinian groups.
Let A and F be generators of a rank 2 parabolic subgroup G of a Kleinian group r. We associate (in §2) to the pair (A, B) a linear functional lAB:PHx(T,U2g_2)^C on the space of parabolic cohomology classes for T, and (in §3) a cusp form <pA B e A (Q, T). One of the main results is (Theorem 4.3) the connection between these two invariants provided by the Bers embedding ß*:kq(Ci,Y)^PHx (Y,U2q_2) and the Petersson scalar product (-, •>:Ai(Q,r)xA?(Q,r)^C.
A by-product of this work is the evaluation of some naturally occurring elliptic sums. See §5.
Invariants
for parabolic elements 1.1. A parabolic Möbius transformation A e PSL(1, C) has a unique fixed point a = a(A) e <t = C U {oo} and a well-defined translation length t = x(A) e C* = C -{0}. In normal form: (1.1.1) a(Co^oC ) = C(a(A)) and t(Co^oC ) = x(A)/C(a).
The above formulae must be properly interpreted for a or C(a) = oo . Assume, for example, that a e C and C(a) = oo. Write
) and we must interpret C'(a) as l/(aß+S). 1.2. The holomorphic differential form on C -a for the cyclic group (A) is defined by
The function /z is canonically associated to the Möbius transformation A and is characterized by the properties
(as long as the path of integration stays in C -{a} ), and h(z)dz has simple poles at the two punctures of (C -{a})/(A). As a consequence of ( 1.1.1 ) and the basic identity
which is valid for all C e PSL(1, C) and all z and C € C, we have There are a number of misprints in [K2] . For example, the formula for Image( E -1 ) in §8.3
should read Image (E -1) = {p 6 n2?_2 ; p(a) = 0} . 2.3. If C 6 T, then for every cocycle x for T,
for all yeT. Thus x is cohomologous to x and we conclude that
We have completed the proof of Proposition 2.1. 2.4. Let (Ax, Bx) be a second ordered pair of generators for the group G. Then, as is well known, there exist integers a, b , c, d so that e = ±l. be a normalized holomorphic family of parabolic homomorphisms on A ; this means that for each t e A, <P(t) is a homomorphism of the Kleinian group Y into PSL'2, C), y(t) = <t>(t)(y) defines a holomorphic map from A to PSL(1, C ) for all y eY and is parabolic or the identity whenever y e Y is parabolic, and 0(0) is the identity isomorphism. This normalized family O defines a cocycle x f°r <7 = 1 by
For details, see [GK] . If there exists a holomorphic function C from a nonempty neighborhood {t e C; \t\ < e} of 0 in C into PSL(1, C) with C(0) = / and y(t) = C(t) o y o C(t)~X , all y e T, all \t\ < e , then x is a coboundary. If A and F generate a rank 2 parabolic subgroup of Y, then for sufficiently small |/|, we can define a holomorphic function by The above formulae assume that (A, B) is the stabilizer of a in T. Adjustments need to be made when (A, B) is a proper subgroup of the stabilizer. The cohomology class pd ip is parabolic with respect to every parabolic element that fixes a point not T-equivalent to a. For details, see [Kl] .
3.4. As a consequence of §3.3, we see that <pA B ^ 0 provided a is accessible (defined in [Kl, §2] ) and (A, B) is the stabilizer of a in Y. As a matter of fact, under this hypothesis, whenever A (or B) fixes a component A of Q,, then <pA B|A t¿ 0. More generally, let a be an accessible limit point of Y whose stabilizer Y(a) contains a maximal rank 2 parabolic subgroup P(a) generated by A and B as above. Then (see [Kl, §0] ) Y(a)/P(a) is a cyclic group of order n = 1, 2, 3, 4 or 6. The fixed point a is q-admissible if q = 0 (mod n ). We showed in [Kl, §5] is discussed in [K2, §0.2]. For y/ e A (Q, Y), we let F be a potential for p = X ~ qy7 (here X is the Poincaré metric on the region of discontinuity Q of T) and ß*(y/) -pd F . We need to construct specific potentials for p . 4.2. Let A be a parabolic element of Y. Let F be a potential for p that vanishes at AJ(a), j = 0, 1, ... , 2q -2, where a e C is arbitrary with a ^ a = a(A). We claim that (pdF)(A) = 0. The polynomial (pdF)(A) -F • A -F automatically vanishes at a and at A1 (a), j = 0, ... , 2q -3 . It is thus identically zero. Thus we see that
It follows that F(a) = 0 since by induction F(AJ(a)) = 0 for all j e Z and limj_¥O0 A1 (a) -a (the potential F is a continuous function).
As a consequence, the potential Fx for p that vanishes at a and at A1 (a), j = 0, ... , 2q -3 , agrees with F . We have constructed two potentials that satisfy (4. Let co be a standard fundamental domain for (A, B) suchthat dco consists of oriented sides c, , c2, -A(cx), -B(c2) and the winding number of dco around a is -1 . We compute
We conclude that t(A)J Jdc are surjective provided a is accessible.
We note that we can replace Y(a) by P( a ) if and only if a is ^-admissible. For a not q-admissible, every cohomology class for Y restricts to a coboundary for Y(a) (and thus also for P(q)).
Example D of [Kl, §7] shows that the assumption that a be accessible cannot be dropped.
5. Some formulae for rank 2 parabolic subgroups 5.1. Let G be a subgroup of Y. We denote by 6G,r the relative Poincaré series operator mapping g-forms for G to g-forms for Y. We abbreviate ®{7}\r by ®r an(* observe that er = eG^eG.
5.2. We consider the special case of the rank 2 parabolic group G generated by A(z) = z+l, B(z) = z + x, zet, Imr^O.
For k e lA , we define ,,
and esT(z) = £gr(y(z)), zee.
yeG We observe that @gr is a Poincaré series for the group G with q -j(k+l) >1 for k even and q = ^(k + 3) > 2 for A: odd. Thus we conclude quite easily that GgT = (ßG) (gT) converges absolutely and uniformly on compact subsets of C and defines a doubly periodic function SgT(z + 1) = Ggr(z) = Qgx(z + x), all z e C, for G. It is most convenient to regard @gT as an automorphic form (for appropriate q, as above). Since Qgr has at most simple poles at the lattice points, it must be a constant c(x) that depends, a priori, on x and k .
Theorem. For all x e C with Imr ^ 0, c(x) = 1 .
Proof. There exist groups Y (see [Kl, §7] ) with G c Y and dimkq(Çl, Y) > 0.
Let us assume that k is even, k -Iq -1 for some integer q > 1. We will obtain an alternate formula for lA B(ß* y/) with y/ e A (£!, Y). Let F be the potential for X ~ qy7 that vanishes at Aj(0) -j, j = 0, I, ... , Iq -1. Then (as usual, / = lA B, x= pdF)
and
,2-2?, c(i)r "'(OwiOdtAdc;.
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Comparison with (4.3.1) yields the theorem for even k . For k odd, we use the potential F that vanishes at oo and at 0, 1.2q -3.
Corollary. We have the equality egT = hqA.
In the next section we generalize the above corollary to motions A other than
Lo iJ
Remark. Rank 2 parabolic groups figure prominently in the fundamental work of Earle and Marden [EM] on compactifications for moduli spaces. The above theorem for q = 2 is connected to quasiconformal mappings and is clearly encountered in [EM] . It also appears in Nag's work on Teichmüller theory [N] . Nag's methods (limited to q = 2) rely on the study of deformations of complex structures on tori. 
